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Abstract 

I review the holographic techniques used to efficiently study models with Gauge-Higgs 
Unification (GHU) in one extra dimension. The general features of GHU models in flat 
extra dimensions are then reviewed, emphasizing the aspects related to electroweak 
symmetry breaking. Two potentially realistic models, based on SU(3) and 50(5) 
electroweak gauge groups, respectively, are constructed. 
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1 Introduction 



Quantum field theories in more than four space-time dimensions have received a lot of 
attention in the past ten years. These theories are necessarily non-renormalizable and 
requires an ultra-violet (UV) completion, but they can admit an energy range where they 
are trustable low-energy effective theories with small UV-dependence. Model building in 
an effective bottom-up approach makes then sense in such theories. 

Extra dimensions allow us to address standard well-known problems in four-dimensional 
(4D) physics, such as the gauge hierarchy problem, just to mention a very relevant ex- 
ample in particle physics, from a different perspective. The simple natural assumption 
of locality in the extra dimensions leads to striking solutions of the above problem, such 
as the possibility of having a fundamental TeV-sized quantum gravity scale [I] or a TeV 
scale naturally generated by an extreme red-shift effect from a warped extra dimension 
[2J. Higher-dimensional theories also open up the possibility of identifying the Standard 
Model (SM) Higgs boson as a gauge field polarization in the internal dimensions [3111]- 
With only one extra dimension, gauge invariance and locality imply that no divergencies 
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can occur in the Higgs effective potential, so that the gauge hierarchy problem is techni- 
cally solved. This idea, nowadays commonly denoted by Gauge-Higgs Unification (GHU), 
including all its subsequent incarnations, plays or has played a crucial aspect in some of 
the most promising models of new physics beyond the SM, alternative to supersymme- 
try. The deconstruction of 6D GHU models in flat space led to the development of little 
Higgs models [5j, while GHU models in 5D warped space [6] led to holographic duals of 
realistic composite Higgs models [7j. Realistic five-dimensional GHU models can also be 
constructed in flat space [8], although minimal models turn out to predict too light top 
and Higgs field and a too low new physics scale [SJ. Interestingly enough, realistic GHU 
models, in both flat and warped space, naturally implement the idea of [10] of effective 
Yukawa couplings suppressed by the geometry of the internal space. Obvious constraints 
coming from the universality of the SM gauge interactions are satisfied by localizing all 
the SM fermions (with the exception of the top and, to some extent, of the bottom quark) 
in the same region in the internal space. It is then convenient to use as fundamental low 
energy 4D fields the value of the bulk 5D fields at the (approximate) point in the internal 
space where the light fermions sit. In this field basis, the SM universality of the couplings 
is manifest by construction and most of the new physics effects are encoded in universal 
parameters such as S and T [HJ [12] . This "holographic basis" [131 E] turns out to be 
particularly useful in GHU models, since it allows for a very efficient way to compute the 
Higgs potential, which is radiatively generated and calculable. 

Aim of this work is to give a rather pedagogical review to the main underlying fea- 
tures of (non-supersymmetric) GHU models in flat extra dimensions, using the holographic 
method mentioned before. I will mostly consider theories with just one extra dimension, 
because realistic models have been constructed in this case only. Several considerations, 
based on symmetry arguments only, will not depend on the curvature of the extra di- 
mension. In fact, there is really not a fundamental difference between models defined 
in warped and flat extra dimensions, if one is interested to the LHC physics at the TeV 
scale. A sub-class of 5D models in flat space with large localized gauge kinetic terms, 
indeed, seem to mimic all the main features of warped space models, with the additional 
advantage of being technically much easier to handle. We will see an example of this sort 
by constructing a 5D version in flat space of a certain warped space model [15j . 

Flavour and CP issues will not be considered in this review. An effective theory 
valid slightly above the TeV scale cannot actually address flavour problems, that involve 
much higher scales On the other hand, assuming uncalculable UV corrections are under 
control (say, by a partial UV completion given by an underlying warped space model for 

1 Warped models are expected to have even a lower cut-off than theories in flat space (see e.g. [16] for 
a recent comparison) but, due to the warping, the cut-off scale depends on the position in the internal 
dimension. By locality, then, the effective cut-off for light fields can be way much heavier than TeV (up 
to the Planck scale), so that flavour issues can be addressed. 
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the light generations), preliminary rough estimates on calculable corrections show that 
no fundamental flavour problem seems to arise in models with flat extra dimensions |17| . 
Similarly, the potential collider signatures of these models will not be addressed. 

The review is organized as follows. In section 2 the holographic method to study 
theories with one extra dimension with boundaries (i.e. an interval) is introduced; in 
subsection 2.1 it is extended to fermions and in subsection 2.2 to gauge fields. In subsection 
2.3 the universal parameters of [12] are introduced and a potential problem affecting the 
Zbibi coupling in GHU models presented. In section 3 the main features of GHU models 
are presented, with an explicit derivation of the Higgs potential and Yukawa coupling in 
a simple toy model. In section 4 two realistic models are presented. In subsection 4.1 
a model based on an SU(3) electroweak gauge group where Lorentz symmetry is broken 
along the internal dimension |17| is rewieved; in subsection 4.2 a model based on an SO(5) 
electroweak group with large localized gauge kinetic terms, mimicking its warped space 
relative [TS], is constructed and briefly analyzed; in subsection 4.3 we give a brief overview 
of GHU models in more than one extra dimension. I conclude in section 5. I summarize 
in Appendix A the conventions used in the text and report some technical details in 
Appendices B and C. 

Although I have tried to be as pedagogical as possible, due to lack of space I have not 
included in this review basic general aspects about theories in extra dimensions, which 
are then assumed to be vaguely familiar to the reader. I refer the interested reader to 
the excellent reviews |18[ fl"9j [20] for a an overview on the general theoretical aspects of 
theories in extra dimensions, seen from a wider perspective. 

2 Holographic Description of 5D Field Theories on an Interval 

The standard procedure to derive a low-energy effective Lagrangian describing the massless 
excitations of higher dimensional fields is the Kaluza-Klein (KK) reduction, in which one 
writes the higher dimensional fields as 



where f n (y) are eigenfunctions in the internal space and (j) n {x) the corresponding 4D fields, 
associated with canonical states with mass M n . In bottom- up approaches to 5D model 
building when the extra dimension is an interval / (or equivalently the orbifold S 1 /^), 
finding the spectrum of the KK resonances is not always straightforward, even in flat 
space, due to the fact that the most generic action one can write is of the form 
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with C the following Lagrangian: 



C = C 5 (y) + 28(y)C + 25(y - L)C L . 
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The Lagrangian terms £5, £0 and Cl contain the most general set of operators compatible 
with the (global and local) symmetries of the theory up to a given dimensionality. At 
the action level 5D Poincare symmetry is always broken by the form of the space-time 
geometry R 4 x /. Far away from the fixed-points, however, the theory locally looks like R 5 
and hence £5 should be 5D Poincare invariant. On the the hand, £o,l manifestly break 
the 5D Poincare symmetries to its 4D subgroup. In presence of £o,L, finding the spectrum 
of the KK states, although conceptually easy, can be technically quite hard. In these 
situations an alternative approach can be used, where all the information of the theory 
is encoded in the values of the 5D fields at just one end-point of the segment. For this 
reason, this approach can be called "holographic". Choosing, say, y = as end-point, we 
define the holographic field 

$(z) = y = 0) . (2.4) 

For all states n such that (0\&(x)\n) 7^ or, stated in other words, / n (0) 7^ 0, <3? is a 
good interpolating field. The simplest possible example one can consider is given by a free 
scalar field with (++) boundary conditions (b.c.) and £o,L = 0: 

£ 5 = ^(d M <S>)(d M <S>), d y $(x,0)=d y <f>(x,L) = 0. (2.5) 
Using eq. ()2.ip . the 5D Klein-Gordon equation admits solutions of the form 



f n (y) = A n e m - y + B n e~ m -\ (2.6) 

where A n and B n are integration constants and M n are the mass eigenstates. The b.c. fix 
the / n 's and the masses M n to be 

2 (i-<5n,o)/2 /7 rra/\ vrn , . 

f n (y) = — ^cos(-^J, M n = — , n = 0,l,...,oo. (2.7) 

The 4D Lagrangian is 



KK 



r 1 r i 

/ dyC 5 = -Y, \{d^ n ) 2 -M 2 n c& . (2.8) 

1 n=0 L J 



Let us now turn to the holographic approach. It is convenient here to adopt a mixed 
basis, with a description in terms of momenta in 4D and of physical space in the internal 
dimension, so that we write CI5 = —p 2 — dy, with p 2 = p^p^ = Pq — p 2 ■ 

In the holographic approach, the b.c. at y = is replaced by the definition of the 
boundary field (|2,4p . Given <t(x) and the b.c. at y = L, the bulk equations of motion 
(e.o.m.) admit a unique solution. No boundary term at y = arises in varying the action 
S = j cfixdyC^, since the boundary field is taken fixed: 5<& = 0. The most general solution 
to the 5D Klein-Gordon equation for $ reads 

${P, V) = a (p) cos(py) + B(p) sm{py) . (2.9) 
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The b.c. at y = L fix B(p) = tan(pL)A(p), with A{p) = &(p), using for simplicity the 
same letter for the Fourier transform <&(p) of the field The solution can be written 

as 



with 



$(p,y) = G++(p,y)<5>(p) 



G++{p, y) = cos(py) + tan(pL) s'm(py) . 



(2.10) 



(2.11) 



Given a value of &(p) at the boundary y = 0, there is a unique field extension in the bulk, 
given by eq. ()2.1ip . The function G ++ (p,y) is called bulk-to-boundary propagator for 
obvious reasons. The holographic 4D momentum Lagrangian C H is obtained by plugging 
the solution ()2.10j) back in eq. (|2.5p . It reads 



'-++ 



dy 



p 2 <5> 2 



1 



dy 



$(p 2 + d 2 v )<s> 



-$d y <S>(y = 0) = -ptan{pL)$ z , 



(2.12) 



where for simplicity of notation $ 2 stands for $(— p)&(p). The Lagrangian (12. 12|) contains 
an infinite sum of higher-derivative quadratic terms. Despite the apparently non-local 
nature of p = ^p^p^ = \J— O4, all the terms arising from the expansion of the tangent 
are local. The single holographic field $ encodes all the KK states. Their mass spectrum 
is encoded in the zeros of a single function, ptan(pL). There is of course a linear relation 
between $ and the KK fields 4> n : $ = ^^° =0 /n W 

n . Since the KK fields are orthonormal, 
the following relations between the momentum space propagators in the two approaches 
should hold: 



cot (pL) 



P 



1 

P 2 



+ 2 



00 



n=l L 



1 



Ml 



(2.13) 



as can easily be checked. The key point of the holographic approach is that one can trade 
the orthonormal zero mode 0o f° r ^ as effective low-energy field. 

In a similar fashion, one might also define an holographic Lagrangian for other choices 
of b.c, like Neumann-Dirichlet (H — ), Dirichlet-Neumann (— +) or Dirichlet-Dirichlet 

( ). Contrary to the (++) case, no massless mode arises for these choices of b.c and 

such Lagrangians should not be considered now as proper low-energy effective Lagrangians 
since the holographic field $ creates and destroys only massive KK particles. Yet, they 
make sense and take into account the effect of the KK states. For Dirichlet (— ) b.c. at 
y = L, the bulk-to-boundary propagator is 



G+-(p,y) = cos(py) - cot(pL) sin(py) 



(2.14) 



The ( — h) and ( ) b.c. dot not allow to choose the interpolating field as &(y = 0), since 

the latter identically vanishes. This problem is easily solved by noticing that an effective 



6 



(— ) b.c. can always be derived dynamically from a (+) b.c. by introducing a localized 
large mass term A at y = oI§ When A — > oo, the (— ) b.c. is recovered. For completeness, 
we report below the holographic Lagrangians arising from all possible b.c, in presence 
also of a 5D bulk mass term m: 

= iwtan(a;L)l> 2 , C H + = -(wtan(a;L) - A 2 l)$ 2 , (2.15) 

C%_ = -^cot(wL)$ 2 , C H _ = --(uootiuL) + A 2 lW, (2.16) 



where u = \/p 2 — m 2 . In all cases, the zeros of the inverse propagators agree with the 
expected KK. masses when A — > oo. Notice that the mass eigenvalues of a given b.c. 
at y = are essentially given by looking at the poles of the inverse propagator with the 
opposite b.c. at y = 0. 

The examples reported above are so simple that one does not actually gain much in 
using a holographic rather than a KK approach. However, it should be now clear that the 
situation changes if we add localized Lagrangian terms. In particular, the addition of Co is 
quite harmless in the holographic approach, since it does not alter the 5D bulk equations 
of motion. One simply sums it to the Lagrangian terms C H found before. This is clear, 
considering that the holographic approach is an effective method where one integrates 
fields values for y ^ and this integration, by locality, is not altered by the addition of 
terms localized at y = 0. On the contrary, in the KK approach one has to compute again 
the 5D wave functions f n , perturbed by the localized term Co- In a sufficiently complicated 
set-up, then, the computation of the mass spectrum is typically more easily performed in 
the holographic approach. Trilinear or higher couplings can also be computed. The logic 
is the same. One solves the e.o.m. in the bulk, now in a series expansion in the couplings, 
and then plug the results back in the action. Contrary to the quadratic case, the bulk 
terms no longer vanish and higher terms are obtained by explicitly performing the integral 
over the internal space. See |13j for more details and [8] [21] for some explicit examples in 
flat and warped space, respectively. 

It is important to stress that the holographic technique reviewed here, although the 
terminology used is often similar (holographic fields, bulk-to-boundary propagators) does 
not imply the existence of any supposed "dual" purely 4D theory, related by some sort 
of AdS/CFT correspondence [22], [23]. It is just a technical device, as explained, to con- 
veniently perform computations. In warped space in a slice of AdS^, like in the Randall- 
Sundrum models and generalizations thereof, the situation is different, since one can, by 
a change of language, express all quantities computed in the 5D theory as quantities of a 
"chiral Lagrangian" supposed to be the low-energy theory of a (typically unknown) dual 
4D CFT with spontaneous breaking of the conformal symmetry in the IR. 



2 Given the 5D mass dimensions of 5> as implied by eg. 1)2.41) . this term is actually of the form A 2 L$ 2 /2. 
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The generalization of the holographic approach to more than one extra dimension is 
completely straightforward if the internal space is a direct product of a compact space (of 
dimension d > 1) times an interval. The resulting theory would be described by a 3 + d 
dimensional Lagrangian which is then studied by means of a standard KK procedure. 
If the internal space is compact and without boundaries, there is clearly not a sensible 
way to use the holographic approach, unless the space is singular (such as orbifolds), 
in which case one might define the holographic field at some orbifold singularity. In 
addition to possible subtleties related to the singularity itself, another general problem 
emerges, since the momentum space propagator will have classical divergencies, due to 
the multidimensional sum over the KK states appearing in the generalization of eq. (|2.13p . 
The simple holographic approach introduced here is hence not useful in more than one 
extra dimension. 

2.1 Fermions 

The free manifestly hermitian Lagrangian for a bulk fermion is 

A/> = \$l M d M i> ~ \{d M $)l M i> - ■ (2.17) 

Being the Dirac equation first order in derivatives, at each boundary only one b.c. for ipi, 
or i/jr is required, the other being fixed by consistency with the bulk e.o.m. (see e.g. [23] 
for a detailed description of the allowed b.c. for a fermion on an interval and Appendix 
lAl for our conventions) . Here we follow |25j in showing how to construct an holographic 
Lagrangian for fermions. We define at y = L as (— ) the Dirichlet boundary condition 
corresponding to a vanishing chiral fermion component, denoting by (+) the b.c. fixed by 
the Dirac equation for the other chirality. Let us define the holographic field with, say, the 
left-handed component: tpL^D = 0) = xl- Contrary to the bosonic case, even by taking 
$XL = 0, the variation of the action does not vanish. Whereas at y = L the (— ) b.c. for 
ipL or ipR are enough to make the variation vanishing, at y = we are left with 

5 J d 4 xdyC^ = ~\J d A x(^ L 8^ R + 5$ R ^ L )(y = 0) . (2.18) 

By keeping as holographic field i()R(y = 0) = XRi we would get eq. H2.18n with L o R, but 
with opposite sign. Requiring the action to be invariant under any variation obliges us to 
add a new term, localized at y = 0, of the form 

£o = \ (i>Li>R + 4>RipL^J (y = 0) , holographic field XL , 

C = -- (ipLi^R + $RipL)(y = 0) , holographic field xr ■ (2-19) 
The Dirac equation for the two chiral fermion components reads, in a (p, y) mixed basis 

^ipR = (d y + m)tpL , 

ji/>L = (-8y + m)il) R , (2.20) 
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where p = j^p^- It is straightforward to write the general solutions to the Dirac equation 
(|2,20p in terms of xl- Omitting, for simplicity of notation, the momentum dependence of 
all quantities, one has 



G+(y,m) 
G + {m) 



XL 



•*I>r{L) = 0, 



(m) 



-~XL 

P 



ipL{y) 
^R{y) 



G-(y,m ) 
G-(m) 
G+(y, 



-XL 



-m) 



ML) = o, 



G- 



im) 



-~XL 

P 



(2.21) 



with 



G + (y, m) = u cos u(L — y) + msinwfX — y) , G + (m) = G + (y = 0, m) 
G-(y,m) =psmu;(L-y) , G_(m) = G_(m, y = 0) . (2.22) 



The solutions of the Dirac equations when we keep as holographic field XR are trivially 
deduced from eq. ()2.2ip by noticing that eqs. (|2.20p are invariant for L — > R, m — > —m, 
p — > —p. Explicitly, we have 



My) 
4>L(y) 



G+(y, 



-m) 



G + {-m) 
G-(y,m 

' G A 



-XR, 



-m) p 



— XR' 



i>R{y) 
^L{y) 



-xr ■ 



G-(y,m) 

G_(m) 
G+jy.m) ^ 

G-(m) p 



where we have used that G~(y, 



(2.23) 

-m) = G-(y,m). The holographic Lagrangian, like in the 
scalar case, is given by plugging the classical solution back in the action. The bulk action 
gives a vanishing contribution and only the localized term (|2.19p matters. We get 



L L+ 



L L- 



L -R+ 



L R- 



V^(0) = 
^(0) = 



--^(0) 



G_(m)p l 

Xl / \ Xl 
G + {m) p 

G-{m) p 
G-{m) p 



xlK + A 



m)-XL 



P 



-XL- 



XL 



XR 



G + (—m) p 



-XR 



G A 



m 



-XR 



G-{m) p 



-XR 



XL^ L (m)-XL , 
p 

XR^(m)-XR , 

XL^ R {m)-XR, 
p 



(2.24) 



where ± stand for the b.c. at y = L of the holograhic field which is retained. The obvious 
natural choice of chiral fermion component to be chosen as holographic field is the one 
with (+) b.c. at y = 0, so that it is not trivially vanishing. Like in the scalar case, it is 
not difficult to see that the zeros M n of the inverse propagators appearing in eqs. (!2.24p 
coincide with the KK mass eigenvalues. Notice also the similarity between eqs. (!2.24p and 
eqs. (|2.15p . in particular the identification of poles (zeros) of the inverse propagator with 
the zeros (poles) of the one with opposite holographic chirality component and b.c. at 
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y = L. The function G-(m) has also a zero at vanishing momentum, for any value of the 
bulk mass m, corresponding to a chiral zero mode. Depending on the sign of m, the zero 
mode is exponentially localized at y = or y = L, as obvious from eq. (l2.20p when its left 
hand side vanishes. For m = 0, the zero mode has a flat profile in the extra dimension. 
In certain circumstances, that we will extensively discuss later on, it may be useful to 
keep the "wrong" (— ) chiral component. A way to implement its (— ) b.c. at y = is 
by introducing a fermion Lagrange multiplier A, with opposite chirality, and add to the 
Lagrangian the further localized term 

£o,i.m. = Ax + xA. (2.25) 

Thanks to the term (|2.25p . the condition x = at y = dynamically arises from the 
e.o.m. of A. On the other hand, it we solve for x, we get an holographic action for A, that 
becomes a good holographic field to describe the possible zero modes coming from the (+) 
chiral component that has been integrated out. 

The holographic description can easily be extended to the situation in which localized 
fermions mix with bulk fermions. For example, consider a left-handed chiral fermion qi 
localized at y = 0, mixing with the right-handed component of a bulk fermion i^r: 

C = q L i0qL + e(q L ipR + $Ml) + C-o , (2.26) 

where e is the mixing parameter and £$ is a boundary term. The b.c. for the bulk 
fermion at y = are clearly neither (+) or (— ), due to the mixing. It is natural to 
choose the localized fermion q^ as holographic field. Since 6iPl(Q) ^ 0, the boundary 
action is fixed by requiring the vanishing of the boundary variation of ipL, giving Co = 
— l/2(ipL'ipfi + ^RtpL)(Q), as in eq. ()2.19p but with opposite sign. The boundary variation 
of ipR, instead, dynamically fixes 

*p L (0) = eq L . (2.27) 

The bulk e.o.m. for y ^ 0, as well as the b.c. at y = L, are unaffected by the presence 
of the localized fermion q^, so that all the bulk-to-boundary propagators are the same as 
before. The holographic Lagrangian is easily found to be 

4 = 4 + ^)?l, (2-28) 

where ± in C H refers to the b.c. at y = L of ipL- 

It is natural to ask if there is a rationale to neglect all localized (mass and kinetic) 
terms for the bulk fermions (and in general for other fields) in model building in extra 
dimensions. The answer is yes, motivated by the fact that localized mass and kinetic terms 
are less relevant than the corresponding bulk mass and kinetic terms. Due to the lower 
dimensionality of the Lagrangian density, a localized mass term is effectively a coupling 



10 



constant and, similarly, the coefficient multiplying a possible localized kinetic term would 
be irrelevant, of dimension —1. If one requires that localized mass or kinetic terms vanish 
at some scale, say the cut-off scale A, they will be radiatively generated [26] but with a 
small coefficient. In a low-energy effective field theory approach, it then makes sense to 
neglect them@ On the other hand, one can make use of such terms, if useful, by assuming 
that they do not vanish at some scale, or even that they are large. We will make use of 
localized fermion mass (and gauge kinetic) terms in a GHU model to be introduced later 
on. We refer the reader to Appendix B for an explicit derivation of how localized mass 
terms at y = L change the bulk-to-boundary fermion propagators. 

2.2 Gauge fields 

The holographic description for gauge fields follows along the same lines, but is slightly 
complicated by the gauge-fixing procedure. Following [30], we will consider a "holographic 
gauge-fixing" where the 4D gauge fields are efficiently disentangled from the scalar degrees 
of freedom arising from their internal component in the extra dimension. 

Consider a bulk Yang-Mills (YM) theory with group G broken to H at y = L and to 
H ' at y = 0. We denote by Afj the YM gauge field, where the superscript A G Q is the 
gauge index, which splits into A = (a, a), with a £ H and a G Q /%. The b.c. at y = L for 
A^ are the covariant versions of the usual (+) or (— ) b.c. for a scalar field: 

F« y (y = L) = 0, Af l (y = L) = 0. (2.29) 

Consistency with eq. (l2.29p requires that the gauge parameters A a vanish at y = L, which 
is another way of saying that at y = L the group G is broken to H. Most of the degrees 
of freedom in the internal components of the gauge field Ay can be gauged away. The 
^-gauges, canceling the mixing between A^ and A y coming from the gauge kinetic term 
at quadratic level, are proportional to 

I(^+£cy^) 2 . (2.30) 

The unitary gauge £ — > oo gives d y Ay = 0, so that all the modes of Ay can be gauged 
away, with the exception of possible zero modes components, arising when Ay has (++) 
b.c, i.e. A G Q /7i n Q /H 1 '. When the number of physical scalar zero modes coming from 
Ay are precisely dim(G/H) and no less (as will always be the case in the explicit models 
we will consider), the simpler gauge Ay = can be taken by introducing extra degrees of 
freedom at y = L and, at the same time, extra dim (G/H) 4D fields, so that the physical 

3 Among all possible localized operators, those with derivatives along the internal dimension require 
special care and are more complicated to handle |27] . It has been pointed out in [28] that their effect can 
however be eliminated by suitable field redefinitions (see also [H]). 
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theory is left unchanged [30J. The extra 4D fields Ha are encoded in the sigma-model field 



cxp 



2.31 



We can use E to make the b.c. (|2.29p (which are only .£/- invariant) completely G-invariant, 
taking 

WP) a (f = L ) = > (^"^(y = L) = , (2.32) 

where = g(A M + id M )g\ F {9) = gFg^ are the gauge transformed connection and 
field strength. Once restored the G invariance of the b.c, the gauge choice A y = can 
be taken. In this way, we have essentially traded the zero mode components of Ay for 
the fields ir&. Under 4D gauge transformations at y = L, the fields ir^ transform as G/H 
Goldstone boson fields. 

Let us now turn to the b.c. at y = and let us denote by a' G H' and a' G G/H' the 
unbroken and broken generators there. We have A^(y = 0) = and A^(y = 0) = C°', 
the latter being identified as the holographic gauge fieldsQ It is useful to perform a gauge 
transformation which brings back the b.c. at y = L in the original form (|2.29[) . giving now 
rotated b.c. at y = 0: 



A M (y = 0) = Cf" 1 ) = Et(C M + ^)E : 



(2.33) 



where C„ 



The final result of this procedure is quite simple. In the gauge Ay = 0, eqs. (|2.29p turn 
to the standard (— /+) b.c, A^ = d y A a ^ = 0, and the Goldstone boson fields only appear 
at y = from eq. (|2.33p . In this gauge the action reads, for each simple group factor, 



Sym = ~o I d^xdy Tr 



-F» v F^ + {d y A,){d y A») 



(2.34) 



normalizing the generators as Tr t A t B = 5 AB /2 in the fundamental representation. It is 
convenient to disentangle the transverse and longitudinal part of A„. In momentum space 



p2 



piipV 

A V H „ Ay 

pZ 



+ P[ IV )A V = At + Af 



The e.o.m. for A„ and A„ read 

H 1 H 1 



{p 2 +d 2 y)Al=^. 



8 2 A l 



0. 



(2.35) 



(2.36) 



4 If needed, instead of setting to zero A a ^ at y = 0, in analogy to the scalar case discussed in 2.1, one can 
consider (+) components for all the gauge fields at y — and dynamically get the (— ) b.c. by introducing 
mass terms of the form A 2 (A^ ) 2 , with A — > oo. 
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One easily finds 

A a /(p, y) = G*'+(p, y)A a /(p, 0) , G$+(p, y) = cos(py) + tan(pL) sin(py), 
A & /{p, y) = G l f{Vi y)A & /(p, 0) , G^-(p, y) = cos(py) - cot(pL) sm(py), 
AJ l (p,j/) = Gj + (p,y)^ l (p,0) , Gj+(p,y) = 1, 

Aj'Cp.y) = G5-(p,y)Aj- l (p,0) , G l f(p,y) = 1 - | . (2.37) 
The holographic Lagrangian at quadratic level is given by 

= -^Tr (Ald y A^ + A%A^) {y = 0) , (2.38) 

where eq. (|2.33j ) has to be used to rewrite C H in terms of C M and S. The Lagrangian (|2.38|) 
is gauge invariant under H' local transformations, so that a residual 4D gauge-fixing has 
still to be imposed on to completely remove any gauge redundance. A useful choice 
is the Landau gauge = 0, which removes mixing terms between and the Goldstone 
boson fields tt^ at quadratic level. The quadratic holographic Lagrangian in this gauge 
can easily be computed when (7ra) = 0. One gets 

where 

n+(p) =ptan(pL), U-{p) = -pcot{pL), (2.40) 

a' £ %' n a" 6 W'fl The kinetic term for the Goldstone fields 7ra, the first 

term in eq. (|2,39p . arises from the longitudinal gauge field components and is the only 
non-vanishing contribution, at quadratic level, coming from these components. 



2.3 Universal parameters and 5gb 

In phenomenological models, the gauge fields Cjf contain the SM gauge bosons. More 
precisely, they can be identified with the SM gauge fields, provided that the SM fermions 
couple approximately in an universal way to them. Along the lines of |12j . which we 
closely follows here, we can write the SM kinetic terms in the form (reabsorbing the gauge 
coupling contant in the form factors II): 



w+u w+w -(p)w~ + lw*n W3W3 ( P )w3 + \b,ji bb (p)b v + w$i WaB (j>)B v 



(2.41) 

where W and B are the SM SU(2)l and U(1)y gauge fields, respectively. By expanding in 
derivatives the four form factors appearing in (|2.4ip , we get a series of higher dimensional 
operators, suppressed by the scale 1/L. Keeping terms up to quadratic order in p 2 would 
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^-W w+W ^0), ^ = U' BB (0), v 2 = -4U w+w -^(2mGeV) 2 , (2.42) 



give 12 coefficients. Three of them define the 4D SM coupling constants g = g±, g' = g'^ 
and the Higgs vacuum expectation value (VEV)@ 

1 _ 1 

where a prime stands for a derivative with respect to p 2 . In the above non-canonical basis, 
the conservation of the electromagnetic charge Q = T3 + Y implies 

u W:jW3 (o) + n W3B {o) = u W3Wa {o) + 2U W3B (o) + n BB (o) = o, (2.43) 

so that only 12 — 3 — 2 = 7 coefficients are independent. In [12] they have been denoted 
by 5, T, U, V, X, Y and W. The first three are rescaled versions of the Peskin-Takeuchi 
S, T and U parameters [11] . The higher dimensional operators that are more sensitive to 
new physics effects are [31] 



£ = £-SM H n 



cwbOwb + chOh + cwwOww + c bb O bb 



(2.44) 



where 



WB = ^(H^r a H)W%B^ , O h = \H^D^H\ 2 , 

Oww = 7^(D P W* U ) 2 , O bb = ^(d p B^) 2 . (2.45) 

The parameters S, T, W and Y are defined and related to the coefficients of the operators 
flZMD as follows: 

g 2 r i 
s = g 2 ^' W 3 B (o) = 2 cot 9 w cwb , t = —2- Uw 3 w 3 (o) - n w+w -(o) =-ch, 

w L J 
W = ^M^U'^ (0) = -g 2 c ww , Y = X -g' 2 Ml^' BB (0) = -g 2 c BB , (2.46) 

where M\y = gv/2 and 9w is the SM weak- mixing angle. 

The typical values of S, T, W and Y for two broad (unnatural) models of theories in 
extra dimensions can easily be computed. Models where all fermions and the Higgs field 
are completely localized at y = 0, while the SM gauge fields propagate in the bulk give 

~Rw a w b (p) = ^pi&n(pL)--?j- , U BB (p) = j^ptan(pL)-^- , U WaB = ^- , (2.47) 

where the v 2 terms in (|2.47p are the trivial contributions due to the localized Higgs field. 
Eqs.d232} and (12151) quickly give 



L 1 L 



g\ 9 2 ' (g' 5 ) 2 (g 1 ) 2 



(2.48) 



5 Notice that our convention for the Higgs VEV differ by a \/2 factor from that in [12] , 
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and 

S = f = 0, W = Y = \m 2 v L 2 . (2.49) 

When the Higgs is a bulk field, with fermions still localized at y = 0, the bulk e.o.m. 
for the SM fields are changed by the bulk Higgs contribution that reads (suppressing the 
Lorentz indices) 

~8L 



^Higgs ^ 



„2 r , 

Wl + Wf + (W 3 - S) 2 . (2.50) 



Correspondingly, we now have 



n^iVKi = = — wtan(wL) . (2.51) 

with 6J = \Jp 2 — g 2 v 2 /(4L). The computation of the remaining from factors is best done 
by going to the Z, 7 basis, Z = B — W3, 7 = {g§/ g' 5 )B + (55/55)^3 and then back to W3 
and 5. One gets 

II_b_b = —a^l-yy + , ^-BW 3 = ^ 77 — 11^^ , n^ 3 ^ 3 = — IIy 7 + Hzz , (2.52) 

with 



ptan(pL) tJ tan(o;L) / (g| + g 5 2 t 

95 + 9 5 95 + 95 V 4L 



Using eqs. (|2.5ip - (|2.53p and neglecting 0(M^L ) corrections, one easily finds 

5=^M^L 2 , f = U a n 2 6 w M 2 v L 2 , W = ^M 2 V L 2 , Y = ^M 2 ¥ L 2 . (2.54) 

The remaining 3 parameters U, V and X are vanishing at this order. It is clear from 
these two simple examples that the new parameters W and Y have to be taken into 
account and cannot in general be neglected in 5D model building. The above universal 
parameters also receive radiative corrections from usual SM corrections, which have to 
properly be considered in performing fit with the data. One should also pay attention on 
the possibility, not always negligible (see e.g. [32J), that new physics may significantly alter 
some SM not well measured or yet unknown couplings (such as top or Higgs couplings) 
which then changes the SM corrections in a non-negligible way. 

We have been focusing so far on universal corrections, but new physics would in general 
affect fermions in a species dependent way. Even neglecting flavour changing and CP 
violation effects, which will not be treated here, it has been shown in [33] that, aside from 
the universal parameters considered before, 3 other operators are particularly sensitive to 
effects of new physics. They are parametrized by the distortion Sgb = g\, — (gb)sM (or the 
€b parameter |34j ) of the Zbubjj coupling and by other two parameters which describe the 
deviation of the up and down quark couplings to the Z boson. The holographic approach 
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allows to efficiently compute such corrections. In order to illustrate the idea, we can 
consider a simplified situation of a bulk fermion with mass m coupled to an unbroken 
U(l) gauge field A. By gauge invariance, we now clearly have 5g = 0, yet we can compute 
5g as a function of the gauge field momentum, in other words as a form factor. Let us 
take ipn(L) = ipn(0) = 0, (++) b.c. for A and keep iPl(0) = XL as holographic field. The 
relevant coupling is the cubic interaction term 

£ (3) = 95 dy^(p + q, y)4(q, y)j)(p, y) . (2.55) 



As further simplification, let us consider the kinematic configuration in which p 2 = (p + 
q) 2 = 0, and q 2 <C m 2 . By using the fermion and gauge bulk-to-boundary propagators 
()2.2ip and (|2.37j) . one easily computes the integral over the internal coordinate in (|2.55|) . 
Keeping up to 0(q 2 ) terms, and adding the quadratic terms, we have 



:H = XLP , XL-^q 2 Cj l C^ t + g 



q 2 

1 + -^F(mL) 



x L (p + q)(P t iq)xR(p), (2.56) 



where we have defined the 4D coupling g = g^\[L and rescaled xl — > Xl/-\/~Zx, — > 
Cp b j\fTj to get canonically normalized fields, with Z x = [m(coth(mL) + l)] _1 . The function 
F in (I2.56P is defined as 



(1 — x) (x coth x — 1) + x 



(2.57) 



As expected, at q 2 = 0, 5g = by gauge invariance. At quadratic order in the gauge 
boson momentum, however, we get 

5 -l = V-FtmL) . (2.58) 
g m l 

The corrections of the form (|2.58|) are essentially unavoidable for partially delocalized 
fields, which couple to the "massive" gauge fields A fM (y), with y ^ 0. The typical size 
of deviations in the SM Zipip coupling, for SM fermions identified as zero modes like xl 
above, are given by eq. (|2.58p with q 2 ~ M|. As we will later see, the Yukawa couplings 
of the fermions x are °f order mL/ sinh(mL), implying that for light SM fermions one has 
m > O(10) /L. For such values of m and 1/L ~ TeV, the SM coupling deviations for light 
fields, as given by eq. ()2.58p . are Sgi/gi ~ 10~ 4 , below current experimental bounds. The 
situation is different for heavy fermions, in particular for the left-handed bottom quark 
bi. Being related by SU(2)i to the top quark t^, has to have a partial delocalization 
in the bulk which, in the illustrative model above, means m ~ 0(1/ L). For such values 
of m, eq. (|2.58p gives bgbjgb ~ 10~ 3 , which is on the edge of current experimental bounds. 
In more complicated situations, in addition to the correction ()2.58|) . other corrections 
can appear, coming from the mixing, after electroweak symmetry breaking (EWSB), of 
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fermions in different representations of SU{2)l. Luckily enough, these corrections, which 
might be quite large, can be significantly reduced by imposing certain discrete symmetries 
in models with a custodial SU(2) symmetry [35] . 

Summarizing, in GHU models the most significant flavour and CP conserving bounds 
arise from the universal parameters S, T, W, Y and the coupling deviation 5gb- 

3 Gauge-Higgs Unification 

Gauge-Higgs Unification (GHU) is an acronym which encodes all models in extra di- 
mensions where the SM Higgs boson H is identified with the zero mode of an internal 
component of a higher-dimensional gauge field. By choosing suitable gauge groups in the 
extra dimensions, one then incorporates all SM gauge bosons (7, W^, Z and gluons) and 
the Higgs field H as arising from different components of the same higher dimensional 
gauge field Am- Since H is a doublet under SU(2)i, GHU models necessarily require 
gauge groups G D G S m = SU(3) C x SU(2) L x U(l)y. Most (semi)-realistic GHU mod- 
els are defined in 5 or 6 dimensions. In the following we will mainly consider the (more 
promising) GHU models in 5D, briefly reviewing 6D constructions later on. 

In GHU models in 5D, the group G is chosen such that under the decomposition 
G — > Gsm, some Goldstone fields 7ra appearing in eq. (|2.3ip have the correct quantum 
numbers to be identified with H. The key idea of GHU models is that the Higgs field, 
being the component of a gauge field, is protected by radiative quadratic divergencies by 
the underlying higher-dimensional gauge symmetry. In fact, gauge invariance forbids any 
local potential for H in the interior of the segment (bulk) , the only allowed gauge- invariant 
local operators being built with the field strength Fmn- This is particularly clear in the 
holographic approach where, as we have just seen, there is a gauge in which H does not 
appear at all in the bulk! The non-linear symmetry transformations 

8^ a = X & + ... (3.1) 

forbid the appearance of any local potential for ir^ at the boundaries as well. The Higgs 
potential V{H) in 5D GHU models is hence necessarily radiatively generated and finite. 
In an S 1 /^ orbifold description of the extra dimension, the Higgs field can be seen as 
a Wilson line phase on the covering circle S . From this perspective, the only gauge 
invariant operator that can give rise to a Higgs potential V(H) must be non-local in 
the extra dimension and expressed in terms of the Wilson line W = V exp(i J dyA^) [1]. 
Boundary local potentials for A§ are forbidden by the shift symmetry (|3.ip [36J. Being a 
non-local operator, V(H) is finite at all orders in perturbation theory [37] (see also [38] 
for an explicit check up to two-loop level). Depending on the field content of the model, 
a radiatively induced EWSB can occur, governed by the Wilson line phase. The EWSB 
is thus equivalent to a Wilson line symmetry breaking. No dependence on the UV cut-off 
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A appears in V(H) and the hierarchy problem is solved. All GHU models are necessarily 
models with TeV-sized extra dimensions [39], since after EWSB, the W mass Mw ~ e/L, 
where in natural models e is a dimensionless coefficient of order O(10 _1 -j- 1). 

A primordial form of the GHU idea had been advocated in refs.[3] (mostly for 6D 
models) but no (semi-)realistic realization was found. The simplest GHU models one can 
imagine in flat 5D space, with suitable gauge and fermion fields in the bulk giving rise to 
the SM zero mode spectrum, cannot work for simple and general reasons: i) the Higgs, 
being its potential radiatively generated, is too light and ii) the top Yukawa coupling 
is too small. Thanks to the advent of a more phenomenological bottom-up approach 
to theories in extra dimensions, which have considerably extended the model building 
scenario, the above problems i) and ii) have now been solved. We will show in next section 
two explicit and realistic models that exploit two different ideas, an SU(3) x U(l)x model 
with Lorentz symmetry breaking in the fifth dimension and an 50(5) x U (l)x model with 
large localized kinetic terms. Before reviewing these models, in the next two subsections 
we show how to efficiently compute the Higgs effective potential and the Yukawa couplings 
using the holographic approach in simpler set-ups, paving the way for the more complicated 
situations considered in section 4. 



3.1 The one- loop Higgs effective potential 

The computation of the one-loop Higgs effective potential in GHU models provides a very 
good instance to appreciate the power of the holographic approach. The potential is 
obtained, as usual, by integrating out the whole mass spectrum of the theory in presence 
of a non-vanishing Higgs VEV. In the gauge in which the field £ appears only at y = 0, the 
bulk degrees of freedom with y ^ do not depend on it, the only dependence appearing 
through the rotation (|2.33p . The relevant holographic Lagrangian for the gauge fields is 

piiv 

tfuad-P) = 0«'H« 6 '(£)0*' , (3.2) 

from which the potential for £ is easily computed to be§| (rotating to Euclidean momenta) 

3 f d 4 p E 



T7- / \ 3 / d^pE 
V (a) = - - — rrlog 
gK ' 2 J (2vr) 4 & 



Det n fl (»p B ,S) 



(3.3) 



The fermion contribution to the Higgs potential is also easily derived. The best choice to 
efficiently compute the Higgs potential is to retain, independently of the actual fermion 
b.c. at y = 0, all the holographic fields inside a given multiplet with the same chirality 
components. In this way the same gauge fixing chosen in the gauge sector to rotate away 
£ for the whole bulk Lagrangian allows to also rotate £ away in the fermion sector. In 



6 Recall that 5D ghosts are decoupled in the unitary gauge A v = and the 4D ghosts associated to the 
Landau gauge Cl = do not contribute to the Higgs potential. 
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this gauge, the holographic fields are rotated (keeping for definiteness the left-handed 
components) 

^ L (y = 0) = (S- 1 )^ , (3.4) 

like the gauge fields in eq. (|2.33p . where £ in (|3.4|) is in the representation given by -00 
After solving for the Lagrange multipliers, we can set the (— ) components of xl to zero 
and finally obtain the holographic action [30] 



£(£) = QaE^nKs-V)' = xing(E)xi , (3.5) 

where Il£ = 11^, the fermion form factors defined in eq. (|2.24p . depending on the b.c. at 
y = L of the corresponding fermion component, and i, j run over the left-handed fermion 
components with (+) b.c. at y = 0. From eq. (|3.5|) we get 

(3.6) 



/d 
7^ log ^Det (ll L (ip E ,Z)) 



where Det refers only to the gauge indices, the spinorial ones being already considered and 
resulting in the overall factor 2. Equations (|3.5p and (|3.6p allow us to see, without the need 
of any detailed computation, that not all b.c. gives rise to a non-vanishing contribution 
to the Higgs potential. When i/j^ have the same b.c. at y = L for any /, independently of 
what happens at y = 0, the Higgs potential vanishes. The form factors Il£ do not depend 
on I, and hence the £ dependence trivially cancels from eq. n3.5j) : = /. Similarly, 

when have all the same b.c. at y = 0, independently of what happens at y = L, the X 
dependence cancels in the determinant in eq. (l3.6p . 

Let us illustrate the above results with a simple example. In the notation of section 
2J3 we take G = SU(2), H = H' = U(l). The "Higgs" is a doublet given by h % and h$ 
along the two broken generators 0"f 2 ' °* being the 2x2 Pauli matrices (Tr crjOj = 25ij): 

Vaha 

exp 



L Jit j 



o=l,2 



Using eq. (|2.33j) and the unbroken U(l) to align the VEV along <j 2 > we have A 2 (y = 0) = 0, 
A^y = 0) = C*sm(2a), A^y = 0) = C*cos(2a), where a = (h^)/f n . Hence 

£fw.(«) = ^772 £ ^ " Ob" ! WW + sm 2 (2«)(H 9 (p) - n+(p))]C* , (3.8) 



7 The same rotation has to be performed to the Lagrange multiplier fields, so that eq. (|2.25p is left 
invariant. 
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and 



V g (a) = - 



3 f d 4 PE 

2 J (2tt) 4 

3 f d A p E 
2 J (2vr) 4 



log 
log 



1 + sin 2 (2a)- 9 
sin 2 (2a) 

1 + 



n (^b) - n+(ip s ) 



sinh 2 (Lp£;) 

9 1 r n i- 

2 y — [ cos(4na) — 1 



64vr 2 L 4 " n 
n=l 



(3.9) 



where in the second line of eq. (|3.9p the explicit expressions (12^01) for n± have been used 
and an irrelevant (divergent) a-independent term has been added so that V g (0) = 0. 

Let us also consider in detail the contribution of a massive fermion doublet ip 1 (I = 1, 2) 
for the same symmetry breaking pattern SU(2) — >■ considered above, for all possible 
choices of b.c. for ip. These are in total 16, but only 8 are independent, the other half being 

1 2 

simply obtained by an exchange of chirality L R. Let us choose tp£ as holographic fields 
and take (+) b.c. for ip L . As we mentioned, a non-trivial contribution to the potential 
arises when ip L and have opposite b.c. at both y = and at y = L. This fixes ?/> 2 to 
be (— ) at y = and from eq. (|3.4p we have ip L = cos(a) x\i Wl = s i n ( a ) Xl- We are left 
with two options of b.c. at y = L, namely i) ipft(L) = or ii) ip\(L) = 0. In the two 
cases, we have i) DetH^iipE, S) = cos 2 (a)Il L (ipE)+ sin 2 (a)IJ L (ipE), ii) Det Hl(we, = 
cos 2 (a)TT£(ipE, S) + sin 2 (a)rLt(zpi;). The Higgs potential, shifted so that V/(0) = 0, is 



then 



)Vf(a) 



(2vr) 4 

(2tt) 4 



log 



log 



1 + 



(m 2 +p 2 E ) sin 2 (a) 



p^sinh (L^Jp E + m 2 )- 
(m 2 +p 2 E ) sin 2 (a) 



m 



2 +p|;COsh (LJp E + m 2 ) 



The integrals do not seem to admit simple analytic expressions for generic m. 
m = 0, they simplify to 



i)Vf(a) m ^ 
ii)Vf(a) m ^ 



16vr 2 L 4 " n 

n=l 



IZ^5[ COS ( 2na ) 
("1 



1 



(3.10) 



When 



(3.11) 



16vr 2 L 4 



n=l 



[ cos(2na) 



It is straightforward to explicitly check that Vf(a) vanishes for the remaining 6 choices of 
boundary conditions. In particular, when ^ 2 is (+) at y = 0, so that II i is a 2 x 2 matrix, 
| Det Hi, | = II^rLT does not depend on a. The potentials V g (a) and Vf(a) agree with the 
expressions found with a more direct, but laborious, KK approach (see e.g. [9]) and are 
manifestly finite, as expected. 



20 



Notice that if we choose different chirality components as holographic fields among 
fermions in the same multiplet, the fermion contribution to the potential will not be given 
only by the holographic Lagrangian, since the bulk fields with y ^ would have a X- 
dependent mass spectrum that should be taken into account. Needless to say, taking into 
account the bulk contribution as well, the ending result would be the same, but with a 
more laborious procedure, that spoils the utility of the holographic approach. 

The total Higgs potential at one-loop level is the sum over the gauge and fermion field 
contributions: V(a) = V g (a) + Vf(a). Due to the exponential suppression, for large pe, 
of the form factors appearing inside the logarithm in V g (a) and Vf(a), and the power 
suppression in pe due to phase space at low momentum, the main contribution to the 
momentum integration in the potential is given for peL ~ 1. For such values of pe, 
the form factors inside the logarithm are smaller than one, and hence it is reasonable to 
expand the log and keep the leading term. In this way, the total potential is simply 

L A V app (a) = csin 2 (2a) - d sin 2 (a) , (3.12) 

where c > and d are easily derived from the explicit forms (|3.9p . (|3.10p . The potential 
(|3.12p has extrema at ao = 0, ir/2. If \d/c\ < 4, an other extremum is at cos(2qo) = d/ (4c). 
When ao 7^ 0, a gauge symmetry breaking is induced. For any value of \d/c\ < 4, the latter 
extremum is always a maximum and hence the only non-trivial minimum is ao = tt/2. The 
"W" and "Higgs" masses in this toy model are easily computed. From the second line in 
eq. (|3.9p . one can directly read the mass of the W as the first mass state with p E = — m 2 ^: 



M w = ^. (3.13) 



The Higgs mass squared is given by 



M H = = M W L^JWW) * M w *^±^ . (3.14) 

In 4a V27T 

In eq. (|3,14p . ao = vr/2, 54(00) is the 4D gauge coupling constant defined as in eq. (|2.42p : 

^°° ) = L[2 + 3 i ( 4 a .,)r (3 - 15) 

and the Higgs field has been canonically normalized by setting / 2 = A/(g^L). Since 
generally d, c < 1, the Higgs tends to be too light. We can give a better estimate of the 
Higgs mass by taking the specific example of one fermion multiplet in the case i), namely 
ipL (+) at y = L and with m = 0, in which case one has 

y >° = *™ = WlA (3 - 16) 

giving 

^»0.1 91 . (3.17) 
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The smallness of the Higgs mass is essentially due to the radiative nature of its potential, 
resulting in a too small quartic coupling. Values of ao of order 1 give also rise, by means of 
eq. (!3.13p . to too low compactification scales. In order to get «o < 1, and hence reasonable 
compactification scales, it is enough to engineer a model where the potential looks like 

L A V app {a) = csin 2 (a) - dsm 2 (2a) , (3.18) 

so that the non-trivial extremum at cos(2«o) = c /(4d) for \c/d\ < 4, is now a minimum 
for d > 0. The a factors entering in the fermion and gauge contribution to the potential 
are determined by group theory, so with a proper choice of gauge groups and fermion 
representations it is not difficult to get potentials like (|3.18|) . When \c/d\ is just slightly 
below the value 4, ao <C 1. This requires a fine-tuning, unless a natural mechanism is at 
work, favouring \c/d\ ~ 4 among other possible values. Its amount can be estimated by 
adapting the well-known Barbieri-Giudice relation [30] to our situation: 



/ 



\ 



^' dl ^\\ (3 _ 19) 



d log hi 



where ki are the microscopic input parameters (such as the bulk fermion masses) from 
which V(a) depends on. Evaluating eq. (|3.19|) at ao gives 



cot(2a ) 

/ — 

2a 



v / 51ogc/(4d) \ 2 1 
V^V dlo gki ) ~4ag' (3 - 20) 



where in the last expression we have expanded for small ao and neglected possible contri- 
butions coming from the square root factor. Tentatively, and considering that fine-tuning 
issues should always be taken with some grain of salt, eq. ([3.200 allows us to conclude that 
values of ao = O(10 _1 ) are moderately tuned and can be considered acceptable, whereas 
ao = O(10~ 2 ) or smaller cannot be seen as a satisfactory solution to the little hierarchy 
problem. In the case in which the a periodicity of the fermion and gauge contribution is 
the same, so that V app (a) oc sin 2 a, the only extrema are at ao = and ao = ir/2. 

3.2 Yukawa couplings 

The Yukawa couplings are also readily derived holographically. Instead of solving for the 
Lagrange multiplier fermions \r, setting the (— ) components of xl to zero, as tacitly done 
in deriving the Lagrangian ([3.50 ; we now keep the Ar, so that 



C( XL , \r, S) = (x i S) / n£(S- 1 XL) 7 + (XrxI + h.c.) , (3.21) 

with a' E G /%' , and instead solve for the (— ) components of xl- In this way, the holo- 
graphic Lagrangian for the low-energy fermion excitations is expressed in terms of the (+) 
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components of xl and of the now dynamical Lagrange multipliers X R . In order to illus- 
trate the procedure, consider the same SU(2) — > U(l) toy model analyzed in subsection 
3.1, taking the b.c. i), the only ones giving rise to chiral zero modes. Solving for x\ gi yes 



xl = n 1 (a) sin(o)cos(a)(n^ - n L )xi -^A R 
where 11(a) = sin 2 (a)ILt + cos 2 (a)IT^. Plugging eq. (|3.22|) back in eq. (|3.2ip gives 



(3.22) 



£(xL A R ,a) = IT 1 (a) 



xi^nlUlx L -^R^R+cos{a)sm{a)(U+-Ul)(xiXR + X R xi) 

(3.23) 

For a = 0, x\ an d \ R are decoupled, and each gives rise to a massless zero mode. When 
the two mode towers are coupled and the mass eigenvalues M 2 given by the zeros 
of the determinant of the 2x2 kinetic term. Explicitly, one has 



Mi 



cos [2L^jMl - m 2 ) - cos(2a)j = m 2 [l - cos(2a)] . 



(3.24) 



We can expand in powers of the momentum the holographic Lagrangian (|3.23p to get the 
low energy effective theory. At leading order, one has 



£(xi,,Afl,a) = ZlxL^Xl + Z R \ R rf\ R - tan(a)(xiA jR + \ R x\) , (3.25) 



with 



-Lm 



z, 



sinh(Lm) 



e Lm sinh(Lm) 



cos' a m 



Zr 



cos' a m 



(3.26) 



Rescaling the fermions x\ ~^ x\l\fZ~Li an d \r — > X R /\ / Z R to canonically normalized 
fields, and expanding at linear order in a (assumed to be 1), we can finally read off the 
induced low-energy Yukawa coupling |41| 



\Y(m)\ 



Lm 



y/2 sinh(Lm) ^/2sinh(Lm) ' 



(3.27) 



For m = 0, Y(0) = and no hierarchical Yukawa's are possible. Allowing a non- 

vanishing m, however, not only solves the problem but also gives rise in a natural way to 
exponentially suppressed Yukawa's. All Yukawa couplings can be nicely accommodated 
in this way, with the exception of the top quark. 

Hierarchical Yukawa couplings are also obtained by introducing from the beginning 
localized chiral fermions, say at y = 0. Localized fermions transform only under the 
group H' and hence no direct couplings between them and the Higgs is allowed. The 
only way to generate a Yukawa coupling is by mixing them with massive bulk fermion 
fields. If no other chiral field is necessary from the bulk, one can introduce a pair of 
fermion fields if) and tp, with opposite b.c. and bulk mass terms m^iptp + ipip), so that 
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no zero modes will be generated]^ Such possibility has been advocated in [32] for GHU 
models in 6D and used in [9| 117} IB] for GHU models in 5D. It is less economical than the 
former, but it allows more flexibility, since now the Yukawa couplings also depends on the 
boundary-bulk mixing mass terms. The Yukawa's so generated are always smaller than 
(|3.27j) . recovering eq. (13.27p in the limit of infinite boundary-bulk mixing mass terms. The 
problem of the top Yukawa coupling still persists. The Yukawa coupling (13. 27ft depends 
on the gauge group representation of the bulk fermion under the group G, and Clebsch- 
Gordan like coefficients can appear in eq. (|3.27p . Choosing fermions in representations 
with high enough rank allow to accommodate the top quark [43J, although care has to be 
paid with high rank fermions [9] , since they lower the range of validity of the 5D theory, 
as estimated by Naive Dimensional Analysis (NDA) [44J. 

Interestingly enough, both the mass eigenvalues (|3,24p and the low-energy Yukawa 
coupling (|3.27p are already encoded in the fermion contribution to the Higgs effective 
potential (|3.1U|) . Indeed, recalling that the one-loop Casimir energy given by a 4D fermion 
of mass M is V = — 2 f d 4 pE / (2tt) log{p E + M 2 ), the mass eigenvalues (|3.24|) are easily 
obtained by setting to zero the argument of the logarithm in (|3.1(jp and taking p 2 E = —M 2 \2 
Similarly, by expanding up to quadratic order in p 2 E and in a 2 , one easily recovers eq. (|3.27p . 

4 Model Building 

In this section we finally build realistic models. The minimal gauge group extensions 
of the electroweak SM group giving rise to pseudo-Goldstone bosons with the SM Higgs 
quantum numbers and nothing more, are SU(3) and £0(5) . In both cases, extra U(l) 
factors are also needed to get the correct weak-mixing angle. As we have reviewed in 
section 3, GHU models in flat space have to face the quantitative problem of getting 
a sufficiently heavy Higgs, top and compactification scale, so that some new qualitative 
ingredients have to be added to the minimal toy models studied in section 3. We will 
consider in the next two subsections two possible extensions that allow to get realistic 
models. The first, based on an SU(3) model, advocates an explicit tree-level breaking of 
the Lorentz S0(4,l) symmetry [T7], so that the Yukawa coupling is not tied to the gauge 
coupling as in (|3.27p . but can be bigger. In this way, the top and Higgs mass problems 
are solved and, with a modest fine-tuning, the compactification scale is also above current 
experimental bounds. The second is based on an SO (5) model, where large localized gauge 
kinetic terms are introduced. Models based on the group SO(5) are more promising, since 
they have an automatic custodial protection that suppresses otherwise large corrections 
to the T parameter [45 u . Large localized gauge kinetic terms were already advocated in 

8 From an orbifold perspective, the choice of introducing the bulk mass term M (ipip + iptp) and no other, 
is dictated by the orbifold parity, being the only one even under the orbifold projection. 

9 Being careful in distinguishing a zero from a pole. This is done by looking at the sign of the residue. 
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[9] but for the SU(3) model where, in absence of a custodial symmetry, lead to too large 
values for T. SO (5) models with large localized gauge kinetic terms might also be seen as 
a useful way to construct effective composite Higgs models at the TeV scale. 

We review in subsection 4.1 the construction of the SU(3) model, and presents the 
50(5) model in subsection 4.2. The 50(5) model has actually never been considered in 
flat space, so that the results appearing in 4.2 are new, although the model we consider is 
the flat space version of a model already considered in warped space [15j . 

4.1 SU(3) x 17(1) x U(l)' model 

The minimal gauge group implementing the GHU idea is SU(3). As mentioned, the group 
SU(3) alone will give rise to the wrong weak-mixing angle sin 2 9y/ = 3/4, so that at least 
an extra U(l) has to be added [9]. 

A potentially realistic SU(3) W model with gauge-Higgs unification in flat space can be 
obtained by advocating an explicit tree-level breaking of the Lorentz S0(4,l) symmetry 
[T7] , Indeed, the smallness of the top Yukawa coupling is a consequence of the 50(4, 1) 
Lorentz symmetry, linking the Yukawa to the gauge coupling, as in eq. (|3.27| ). Breaking the 
SO(4,l)/SO(3,l) symmetry (so that the usual S0(3,l) Lorentz symmetry is unbroken) give 
a way to increase the couplings between the Higgs field and the fermions in a 5D gauge- 
invariant way. The 5D model we review, closely following [8], is essentially the Lorentz 
breaking version of the minimal SU (3) w model proposed in [S], where a further Z2 "mirror" 
symmetry is added. The Z2 symmetry, motivated by naturalness arguments, essentially 
consists in doubling a subset of bulk fields (f> in pairs <j>\ and cj>2 and requiring a symmetry 
under the interchange <f)\ •<->■ fa- 

The b.c. of all the fields in this model are the standard ones coming from an orbifold 
projection, so it will be useful to adopt in the following the orbifold perspective. The 
gauge group is taken to be of the form G x Gi x G2, with G = SU(3) W x SU(3) C and 
Gi = U(l)i, although other choices are allowed. The Z2 orbifold projection is embedded 
non-trivially in the electroweak 5£/(3) W7 group only, by means of the matrix 



e 2mt 3 = 0—1 I , (4.1) 




where t a are the SU(3) generators, normalized as Tr t a i{, = £ a ;,/20 The abelian U(l)i 
fields satisfy the following b.c. (omitting for simplicity vector indices): 

A 1 (y±2nR) = A 2 (y), A 1 (-y) = V A 2 (y) , (4.2) 



10 The conventions and notation used here do not coincide with those taken in [8], but have been changed 
in order to keep them the same throughout the paper. 
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where rj^ = 1, T75 = —1. The unbroken gauge group at y = L is H = SU(3) C x SU(2) x 
£/(l) x £7(l)i x £7(1) 2 , while at y = we have H' = SU(3) C x SU{2) x 17(1) x 17(1)+, 
where C7(l)+ is the diagonal subgroup of C7(l)i and £7(1)2- Under the mirror symmetry, 
the linear combinations A± = (A% ± A2)j\f2 — > ±A±, so we can assign a multiplicative 
charge +1 to A+ and —1 to A-. The massless 4D gauge fields are the vector bosons in the 
adjoint of SU{2) x 17(1) C SU(3) W , the 7/(1)+ and the gluon gauge fields A c . The SU(3) C 
and SU (2) gauge groups are identified with the SM SU (3) and SU (2) factors, while the 
hypercharge £7(l)y is the diagonal subgroup of £7(1) and £7(1)+. The Higgs field arises 
from the zero mode Aw 5 ' 6,7 components of the SU(3) W gauge fields. In the holographic 
gauge-fixing of subsection 2.2 it can be written as 



r * 2&+*hh 2 

S = exp 1 > — , / w = = , (4.3) 

a^i 5sV7 



where 55 is the 5D charge of the SU(3) W group. The extra £7(l)x gauge symmetry which 
survives the orbifold projection is anomalous and its gauge boson gets a mass of the order 
of the cut-off scale A of the model. 

A certain number of couples of bulk fermions (^1,^1) and (^2,^2) are introduced, 
with identical quantum numbers under the group G and opposite orbifold parities. The 
couples (^1,^1) are charged under G\ and neutral under G2 and, by mirror symmetry, 
the same number of couples (\£2, ^2) are charged under G2 and neutral under G\. No bulk 
field is simultaneously charged under both G\ and In total, for each SM generation, 
one pair of couples (^12)^12) m * ne ^ °f SU(3) W and one pair of couples (^f 2 ' ^1,2) m 
the 6 of SU(3) w are introduced. Both pairs have £7(l)i i2 charge +1/3 and are in the 3 
of SU(3) S . The b.c. of these fermions follow from the twist matrix (|4.ip and eqs. (|4.2p . 
Massless chiral fermions with charge +1 with respect to the mirror symmetry, localized 
at y = 0, are also introduced. As far as EWSB is concerned, we can focus on the top and 
bottom quark only, neglecting all the other SM matter fields, which can be accommodated. 
Mirror symmetry and the b.c. (|4.2j) imply that the localized fields can couple only to A + . 
Hence, we have an SU(2) doublet Ql and two singlets t# and 6r, all in the 3 of S'£7(3) s 
and with charge +1/3 with respect to the £7(1)+ gauge field A + . 

The most general 5D Lorentz breaking effective Lagrangian density, gauge invariant 
and mirror symmetric, up to dimension d < 6 operators, isl 11 ! 

£ = C g + C* + 25(y)C + 25{y - L)C L , (4.4) 



11 Strictly speaking, the Lagrangian (|4,4[l is not the most general one, since we are neglecting all bulk 
terms which are odd under the y — > —y parity transformation and can be introduced if multiplied by odd 
couplings. If not introduced, such couplings are not generated and thus can consistently be ignored. 
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with 




1 n 2 e n 2 

E— Z p. /?W — tL TP. F»MV —ZF-i F 2fJlU — — F, F 2 ^ 



8=1,2 L 



--Tr F^F"" - p^Tr F^ y F^ y - -Tr G>G^ - p s 2 Tr , 
^ ^ {*?[i# 4 (4) + A«A^)7 B ]*? 



(4.5) 



(4.6) 



i=l,2 a=t,6 



-Co 



[0 4 (^) + kaD^j 5 ] tf? - m a (*i + f?*?) 

Q L i0 4 (A+)Q L + t R Hp^A + )t R + b R i$ A {A + )b R 

+ {4Q L V\ + e*Q z ^ + e* + + h.c.) + C . 



(4.7) 



In eq. (|4.5|) . we have denoted by G = DA C the 5i7 (3) c field strength, for simplicity we have 
only schematically written the dependencies of the covariant derivatives on the gauge fields 
and we have not distinguished the doublet and singlet components of the bulk fermions in 
eq. (|4.7p . denoting all of them simply as Vl^ and Extra brane operators, such as for 
instance localized kinetic terms, are included in Cq and Cl- Additional Lorentz violating 
bulk operators like Vl/7 \P, ^d y ^ or ^ilft^ty can be forbidden by requiring invariance 
under the inversion of all spatial (including the compact one) coordinates, under which 
any fermion transforms as \& — > 7 This Z2 symmetry is a remnant of the broken 
SO(4,l)/SO(3,l) Lorentz generators. 

The mirror symmetry constrains the Lorentz violating factors for periodic and an- 
tiperiodic fermions to be the same: k + = = k, k+ = /c_ = k for both the 3 and 6 
representations, resulting in a significant reduction of the fine-tuning in the model. All 
SM fields are even under the mirror symmetry, implying that the lightest Z2 odd state in 
the model is absolutely stable. In a (large) fraction of the parameter space of the model 
such state is the first KK mode of the A- gauge field and it has in fact been shown to be 
a viable DM candidate |46j . 

A detailed study of the model using the general Lagrangian (14. 4p is a too complicated 
task. In order to simplify our analysis, we take e = p 2 = Oj I k a = k a and set p w = 1. The 
latter choice can always be performed without loss of generality by rescaling the compact 
coordinate, and hence the radius of compactification as well as the other parameters of 
the theory. We also neglect all the localized operators which are encoded in Co and C n . 

The W boson mass is given by 



M W = T , 



(4.8) 



This assumption was implicit in [8], where these terms had not been included in eq. (|4.5|l . 
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where 

a = h= J2 h l- ( 4 - 9 ) 

\ a=l 

The top Yukawa coupling reads, for large mixing mass parameters, 

y ' gto .W W ' (4 - 10) 

and shows the effect of the Lorentz breaking parameter k t . For h% = 1 one recovers the 
Lorentz invariant situation and a Yukawa coupling of the form (|3,27p . When k t > 1, 
Y t > 54 and for fcj ~ 2 4- 3 the top mass in the correct range is recovered. Notice that kt 
is essentially the only Lorentz symmetry breaking parameter that we really need, all the 
other ones having being introduced for consistency and naturalness. The lightest non-SM 
particles are colored fermions with a mass of order the bulk mass parameter Before 
EWSB they are given by an SU{2) triplet with hypercharge Y = 2/3, a doublet with 
Y = —1/6 and a singlet with Y = —1/3. For the typical values of the parameters needed 
to get a realistic model, the mass of these states is of order 1 — 2 TeV. 

The computation of the one-loop Higgs effective potential associated to the Lagrangian 
(14. 4|) is a bit involved, but it is conceptually straightforward, using the techniques intro- 
duced in the previous sections. The full Higgs effective potential is dominated by the 
fermion contribution. The presence of bulk antiperiodic fermions, whose coupling with 
the Higgs are the same as for periodic fermions due to the mirror symmetry, allows for a 
natural partial cancellation of the leading Higgs mass terms in the potential, then lowering 
the position of its global minimum oq. The physical Higgs mass reads 



M,= V^ = ^v^M. (4.11) 

In £ 

The leading fermion contribution to V(a) is proportional to kf, so that the latter cures at 
the same time the problem of a too light top and Higgs fields. 

It turns out that the 4 most constrained flavour and CP conserving dimension 6 op- 
erators in this model are those associated to the universal parameters S, T, W and Y 
introduced before (see |17| for an order of magnitude estimate of the bounds arising from 
the calculable FCNC effects). All light fermions are almost completely localized at y = 
and their couplings with the SM gauge fields are universal and not significantly distorted. 
Even the Zbb coupling deviation is sub-leading with respect to S, T, W and Y. Using 
eqs. ([2.46p . one finds, at tree-level and at leading order in a = MyyL, 

S= 2 -M^, f = M^, y= P 2 S in 2 (M + l + 2cos(2M M ^ W = \ M ^ . 
3 9p z cos^iy) 3 

(4.12) 
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The lower bound on the compactification scale that one gets by a x 2 fit using the values in 
eq. (14. 12ft is 1/L > 1.3 — 1.6 TeV, which corresponds to ao < 1/20. According to eq. (l3.20p . 
the fine-tuning associated to such values of ao is — 1%, in agreement with more accurate 
estimates performed in [8]. Using the more refined definition of fine-tuning as given in 
|47j . which takes into account for the possible presence of a generic sensitivity, it has been 
pointed out in [8] that the intrinsic tuning to get ao ^5 1/20 is reduced to ~ 10%. 

The Lorentz violating factors affects the range of perturbative validity of the 5D effec- 
tive theory, as estimated using NDA. For kt < 3, the cut-off of the model is estimated to 
be A > 10/L, ensuring a large enough perturbative range. 



4.2 SO (5) x U(l)x model 

The model we analyze below is the flat space version of one of the models considered in [15] 
and denoted there MCHM 5 . The bulk gauge group is G = SU(3) C x 50(5) x U(l) X - We 
denote by g$ and g§x the 5D gauge coupling constant of 50(5) and U(l)x, respectively. 
The unbroken group at y = L is H = SU(3) x SO(4) x U(l) x ^ SU(3) C x SU{2) L x 
SU{2) R x U(l) x - The unbroken group at y = is H' = SU{3) C x SU(2) L x U(1) Y = G SM , 
where Y = X + T^r. Neglecting from now on the color SU(3) C factor, the b.c. for the 
(non-canonically normalized) gauge fields are as follows: 



F a T 



*Hy,R 



F a r 



F m , x = 0, AJ = 0, a = 1,2,3, a eg/n, y 
We introduce localized gauge kinetic terms at y = 0. The EW gauge Lagrangian is 



L, (4.13) 
0. 



(4.14) 



with 



£53 



Tr 



ai > a=l 



-Fl v + {d y A,f 



+ 



2 .9; 



5X 



(4.15) 



6 and 0' dimensionless parameters and the generators normalized as Trt a tb = <5 a 6 in the 
fundamental representation!"^! The Higgs field is given by the G/H components of A y (see 
Appendix C for our choice of 50(5) generators): 



a=l 



! y/2t & h & 



V2 



(4.16) 



13 The different choice of normalization of the generators in the SU(3) and SO(5) group is due to the 
different embedding of SU(2)l in the two cases. 
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The holographic Lagrangian for the SM gauge fields and is easily derived. In terms 
of the form factors defined in eq. (|2.4ip . we get 



5, 



ab 



2n+ + 4(n--n+)+2^L 



1 .2, 



1 1 



n BB = ^(n+ + P 2 e'L) + 



2n+ + 4(nj-n+ 



where s a = sin(a) and a is defined as in eq. (|4.9p . According to eqs. (|2.42p . the SM gauge 
couplings constants and Higgs VEV v are 

1 _ L(5 + c 2a + 6e) i _ L (i + ff) L(5 + C2a) 2sl = 

g 2 Qgi ' g' 2 g 2 5X 6gg ' six J * Sfl " 1 8j 

where c 2a = 1 — 2s^. We immediately see from eq . (|4.17| ) that T = 0. This is of course not 
a coincidence, but a consequence of the custodial SU (2) u symmetry which is unbroken at 
y = L [35]. We also have, at tree- level, 

6 2 4 ^_ (23 + 7c 2Q )4 



5 + c 2a + 60 ' 5(5 + c 2a + 60) 2 ' 

5(5 + c 2a + 60) + tan 2 g w [ - 2 + 230 / + c 2a {2 + 7gQ] „ 

5(1 + 0')(5 + c 2a + 60f Sa ' ( j 

For u <C /tt, we can expand the third relation in (|4.18p and find the correct SM limit 
(h) ~ v. When 9 ~ 9' S> 1, the universal parameters (I4.19P are suppressed. More 
specifically S oc 1/9, W ~ Y as l/# 2 , so that S 1 becomes the main parameter to keep 
under control. For large 0, the mass of the W is given by 

M ^7tre- (4 ' 20) 

Plugging eq. (14.20p back in eq. (]4.19jl gives S = 2m 2 v L 2 /3, like in models with a bulk Higgs, 
eq. (!2.54p . and in the SU(3) model, eq, (|4.12l) . The total spectrum of vector KK resonances 
is given by the zeros of IlwiWi an d of ^WsWz^-BB — ^w 3 b- The lightest non-SM vector 
mesons arise from the KK tower associated to the W bosons. Before EWSB, their masses 
M n are given by the non-vanishing zeros of the following equation: 

9M n L + tan(M n L) = . (4.21) 

For 9 > 1 eq. dOTl) gives 

M 9 KK = \ M i\-^- ( 4 -22) 
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It is useful to pause here and see more closely the relation between this model and its 
relative in a warped RS compactification [15] . Eqs. (|4.17p . being fixed by symmetry con- 
siderations, are still valid, with the form factors being given by (with no localized gauge 
kinetic terms) 

+ _ Jo(pzuv)Y (pz IR ) - Y (pz uv )J {pz IR ) 

U g,RS - P- 



Ji(P z uv)Y {pzi R ) - Y 1 (pz uv )J (pz IR ) 
,,- = Jo{pzuv)Y 1 (pz IR ) - Y (pz uv )J 1 (pz IR ) 
9'™ P Ji( P z uv )Y 1 (pz IR ) - Y 1 (pz uv )J l (pz IR ) ' 



where J and Y are Bessel functions, the 5D metric is 

ds 2 = e- 2ky rj^dx^dx u - dy 2 = (— ) 2 (^dx^dx" - dz 2 ) , (4.24) 

with < y < L, zjjy < z < zj R , z = e ky /k. It is a simple exercise to show that 
^gRS ~~ ^ as A; — )■ 0, as it should. The definitions (|2.42p give now 



1 _ ^(3^ -3 + 16 log j_ 1 | z uv log 2 _ W a 

9 2 ~ 16 5 | ' 9' 2 9 2 + 9l x ' " 9h 2 iH ' 1 j 
so that 

M (RS) „ S^ = (4 2g) 



For zi R jz\jy > 10 5 , the mass of the first KK vector resonance is roughly fixed to be 

M kk S) - 7^~- ( 4 -27) 



Matching eqs. (|4T20]) and (|4T22|) with (|4T26|) and (f4~27|) . respectively, gives 

25 z/fi 15 1 
- T~2 log ' T - — ' ( 4 ' 28 ) 

27T Z ZUV L> IT ZIR 

providing a precise relation between the warped and the flat model parameters. Notice 
that for warped RS models that aim to solve the hierarchy problem, \og{zi R / zuv) ~ 35 
corresponding to 6 ~ 44, on the edge of perturbativity (see eq. (l4.40p below). In presence of 
large localized kinetic terms, the coupling of KK resonances with states localized at y = 
are suppressed, since the KK wave-functions are peaked towards the y = L boundary [48] . 
This is exactly what happens in warped space, where the KK resonances are peaked at 
the IR brane, showing again the analogies between the RS warped model and the flat one 
with large localized kinetic terms. 

Let us now turn to the fermion sector. The SM quarks are embedded in bulk fermions 
transforming in the fundamental representation of 50(5), 5 = (2,2) © (1,1)- For each 
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quark generation, we introduce 4 bulk fermions £ ?2 , £ u and ^ in the 5. Their b.c. are 
as follows: 



(2, 2)£ 



-) 



(2,2r 



9i*(+-) 

Qm( — ) 
(1, !)£(+,+) 



2/3 



=92 



(2, 2)? 



:i,i)i 2 



<&;(-+) 
(-,-) 



(2,2) 92 



n,i 



Q2r{— 
(+,+) 



-1/3 



(4.29) 



(2,2)^(+-) 
(!,!)£(-+) 



;2,2)^(-+) 



2/3 



(2,2: 
(M)£(-+) 



£(+- 



-1/3 



We have displayed the field content according to their £0(4) decomposition. The sub- 
scripts 2/3 and —1/3 denote the U(l)x charge of each multiplet. Note that the choice of 
parities allow for two SM doublet zero modes, coming from qn and q 2 L- We can get rid 
of one linear combination by coupling it with a very large mass mixing term e to a chiral 
fermion doublet t]r localized at y = with Qy = 1/6. The 0(4) x U{l)x symmetry at 
y = L allows for the following mass mixing terms: 



m u (2, 2fl (2, 2)1 + M u (l, 1)£(1, 1)1 + m d (2, 2)™ (2, 2)% + M d (l, 1)£ (1, 1)£ + h.c. (4.30) 

Leptons are similarly introduced, the only difference being the U (1) v charges, being now 
for £qi and £ u , and —1 for £ g2 and £d- We choose as holographic fermion field components 
CgiL) Cq 2 L, CuR and £,dR- For non- vanishing mass terms at y = L there is no need to 
introduce Lagrange multiplier fermion fields to describe the right-handed zero-mode singlet 
components coming from £q lt q 2 , since these fields will be created by the holographic fields 
in £, u R,dR, as explicitly shown in the Appendix B. The Higgs fermion couplings are easily 
computed from the quadratic lagrangian by performing the gauge rotation (13. 4j) . with £ 
as in eq. (l4.16j) . setting to zero the (— ) field components at y = 0. More explicitly, in the 
chosen 50(5) basis and SU(2)l x SU(2)r embedding (see Appendix C), 



r9i 



■(12 , 



r<?2 , 



XqiL 
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\u R J 



XdR 







\d R J 



(4.31) 



When e 3> y/~L, the e.o.m. of r/^ and qn — q2L give rjji = q\L — q 2 L = 0, so that we 
can ignore the former and identify qn = q 2 L = Ql in the holographic Lagrangian. After 
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straightforward but lengthy algebra, we get 

, 2 ( q H C (H C )^ qd HW 

n ° + M ni * h\h +Ul hThJ qL ^ 

a=u,d 



p 



where 



+ ^ (U u M q L H c u R + U d M q L Hd R + h.c.) , (4.32) 




The expression of the form factors appearing in (|4.32p is reported in eq. ()C,3p . They give 
rise to an infinite number of higher derivative operators when expanded for low momenta. 
In particular, one has 

Ulf oc (1 - m u4 M u4 ) . (4.34) 

The Yukawa couplings vanish when m Utd = l/M Uj d, because the effective b.c. for the 
bidoublet and singlet fermion components in the SO(5) multiplet become the same (the lo- 
calized mass terms become 50(5) invariant) and no fermion Higgs couplings is allowed. In 
fact, all the terms proportional to s„ in eqs. (|4.32p vanish as well in this limit, see eq. (|C.3|) . 
Although n^ rf are proportional to the localized mass terms and increase when the lat- 
ter increase, the canonically normalized couplings are maximized for m ~ —1/M = 0(1), 
since the fermion wave- function renomalization Zl^r increase linearly in the localized mass 
terms, when the latter are large, see eqs. (|4.35|) and (|4.36|) below. It is not so illuminat- 
ing to write down the general formula for the physical SM fermion masses after EWSB, 
which is quite complicated. Rather, in order to decrease the number of free parameters 
and be able to write relatively simple analytic expressions, we will focus in the following 
on the top and bottom quarks, the only relevant fermions in the EWSB process, and on 
a sub-space of the whole parameter space where we take Ai = X u , X 2 > and A^ < 0, 
where Ai 5 2 = LM\ <2 , \ u ,d = LM u ^ d are the bulk masses in units of 1/L. The signs have 
been chosen so that the SM doublet qi and singlet dn are localized around y = 0, but 
other sign choices are possible. We take M u = —l/rh u , to maximize the size of the top 
Yukawa coupling, and \rhd\ ~ |M^| ~ 1. It is worth to emphasize that the above choices of 
parameters are dictated only by the desire of having a simple analytic description of the 
model and in no way they should be seen as a tuning. By expanding at leading order in 
p the above form factors, we easily get, for |A n |, | A2 1 , |A^| > 1, > 1, 



M top \m u \ 4\/#A u e- A " 



M w V 1 + ™l V 1 + ™l + V A 2 
M bottom |1 - m d M d \ 2Ve^f\\ d \ 2 \e-^- x ^ 



(4.35) 
(4.36) 



M w \M d \ y/l + (l + ml)X 2 /Xu 

The A u (A2) dependence in M top {Mi, ottom ) is due to the localized fermion r]R at y = 0, 
needed to get rid of the extra unwanted SM doublet. Eqs. (|4.35p and (|4.36|) show how a large 
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localized gauge kinetic term parameter 9 nicely solves the top mass problem. As expected 
from our general arguments, the SM Yukawa couplings are exponentially suppressed and 
eqs. (!4.35p . (14.360 suggest us to focus on the region in which | A2 — \d\ > A u . 

The spectrum of fermion resonances beyond the SM fields is quite rich. In order to 
get all the KK towers one has to retain all fermion components that vanish at y = 
and introduce Lagrange multipliers for them, and solve for the vanishing components, as 
sketched in eqs. (13.21j) - (13.23p . We will not discuss the resulting spectrum in detail here. 
It is given by zeros and poles of the form factors (|C.3P before EWSB and by suitable 
combinations of them after EWSB. We just mention that before EWSB we get KK towers 
of fermions in 2 7/ / 6 , 2_ 5/ / 6 , 2±/ e , I2/3, I-1/3 of SU(2)l x U{1)y- The lightest particles 
beyond the SM are the first fermion resonances in the 2 7 / 6 tower. Their masses are given 
by the zeros of D qiu (m u ) and for m u = 1 are roughly given by 



M f KK ~ A u e _Au . (4.37) 



Eq. (|4.37p puts an upper bound on the values of X u one could take, otherwise unwanted 
ultra- light fermions appear. 

We are now ready to better quantify the relevant region in parameter space that 
should be considered. Having understood that 9 S> 1 is the most promising region, the 
phenomenological requirement 

5^^L 2 ^I|«10- 3 (4.38) 

fixes L _1 > ITeV and s a j\f9 < O(10 _1 ). The key parameter determining how much the 
effective potential should be tuned to give a small s a is hence 9. Larger the latter is, more 
natural the model is. The drawback is that larger 9 correspond to stronger 5D couplings, 
since, at fixed 4D coupling g, eq. (14.18p shows that g\ has to increase linearly with 9. An 
order of magnitude estimate on the allowed range of 9 is provided by NDA, applied to the 
5D coupling constant g*. According to NDA, perturbativity in the effective 5D theory is 
lost at energies E when 14 ! 

n? W. 1 fi-rr 2 

(4.39) 



g\E ^ T 16tt 2 

— — ~ 1 EL ~ 

16vr 2 g 2 9 



Requiring EL 3> 1 gives 9 -C 400. A more precise estimate would also take into account 
the multiplicity of fields, which typically tend to lower the range of validity of the theory, 
so that a more conservative and realistic bound would approximately be 



9 < 10 2 . (4.40) 



14 Notice the appearance in eq. (|4.39f l of the 4D phase factor 16n 2 rather than the 5D one 24-7T 3 , as often 
(too optimistically) taken in the literature. This is due to the fact that in odd dimensions an extra factor of 
7T generally arises from the loop integral. It can be explicitly verified by performing a one-loop computation 
using, say, Pauli-Villars regularization. 
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Having roughly fixed the size of some of the crucial parameters in the model, we have 
now to check whether EWSB occurs or not in this parameter range. We then turn our 
attention to the one-loop Higgs effective potential. The gauge contribution to the Higgs 
potential, for 9 ~ 9' S> 1 and s a <C 1, is well approximated by 



V ~ 
v g — 



d 4 p 
2 J {2nj* 



2 log 1 + s 



n- -nj 



2(U+ + 9Lp 2 ] 



+ log 1 + s 



sec 2 e w (u- -n^ 

1 2(n+ + 9Lp 2 ) 



(4.41) 



The fermion contribution Vf = V U + V d is the sum of the KK towers associated to the up 
and down contributions, easily derived from eq. (|4.32p : 



V u 



V d 



-2N r 



-2N r . 



d 4 p 
d 4 p 



log 



log 



1 + s 



1 + s 



2 ii l 

w q 

yiQd 

2 LL i 



1 + s 



TT" 

2 ^1 
LL 



Tl q 



i + si -± i 



s 2a 



,2 



Ml 



\21 



8n«n« 



8ITX. 



(4.42) 
(4.43) 



(2vr) 4 

where iV c = 3 is the QCD color factorH The total Higgs potential is given by V = 
Vg + Vu + Vd- For generic values of the input parameters, 9, 9', A's and m's, it is quite hard 
to get a reliable and sufficiently treatable analytic approximation for V. However, when 
M u = —l/m u , a great simplification occurs, because Hf* = Uf = 0. Given the lightness 
of the bottom quark, the form factor can safely be neglected and the total potential 



has the form (|3.18j) , with c 



2 



Cd + c g , d = d u and 

d 4 P n; 



(2vr) 4 n+ + 9 Lp 2 



Cd 



d u 



-2N C L 4 



-—L A 
4 



cid 



+ 



(2^lnf 
d 4 P (n^) 2 

(2vr) 4 H«H^ 



1 + 



Hf 



sec 



1 W 



The Higgs mass is approximatively given by 

M w g9 



M H 



OQ 



VV'iao) ~ 2M w 6gV4d + c . 



(4.44) 



(4.45) 



The loop factor coming from the square root term in eq. (|4.45p is more than compensated 
by the factor 9, so that the LEP bound on Mh is easily evaded. It is straightforward to 
numerically check the existence of wide ranges in the input parameters where \c/d\ < 4, 
such that s a is small enough and the main phenomenological bounds, such as S ~ 10~ 3 , 
Mh > 114 GeV, correct top and bottom masses, are fulfilledEfl In order to restrict 



15 Eqs. (l4.41|l and (|4.42[) are very similar to eqs.(B.5) and (B.9) of [49], where a modified version of the 
MCHM5 model was considered, expressed in terms of similar form factors. 

16 Notice the importance of having approximate analytic formulae for Mt op and A'hottom that do not 
depend on s a . The latter, indeed, is fixed by the total potential V and depends on all the input parameters 
of the model in a complicated way. On the other hand, without knowing s a and without formulae like 
eqs. (|4.35p and (|4.36fl . there would be no way to fix (some of) the input parameters in the model and the 
only practical way to proceed would be by means of numerical random scans in the parameter space. 
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the parameter space region to study, we may proceed as follows. We maximize the top 
Yukawa coupling by taking M u = —l/rh u = 1 and fix the localized gauge kinetic terms 
to 6 = 9' = 25. The top mass relation (I4.35|) fixes then \ u to lie in a narrow range 
X u — 2, depending only mildly on A2- Fixing \ u to an arbitrary value close to 2 will fix 
A2. Given fhd and Mj, the bottom mass formula (14.36P will fix A^, so that we are left with 
a 3 parameter space spanned by {rhd, Md) and X u around the value 2. As an example, 
let us work out a specific set of parameters given by rhd = — 2/5, Md = 1/5, X u = 2.18. 
Eqs. (j4.35p and (|4.36p fix A2 ~ 3.16, A^ ~ —4.47. For such input parameters, we get 

1 o 1 

s Q ~-, S-lAxlO' 3 , -~ 1.8 TeV, 

O 1j 

M H ^ 130 GeV , M f KK ~ 630 GeV , M 9 KK ~ 2.6 TeV . (4.46) 

The fine-tuning associated to this specific model can easily be computed using eq. (|3.19p . 
The dominant sensitivity is in the A^ and A2 directions. By numerically computing 
eq. (|3.19p . we get a modest tuning around 10%. 

By appropriately choosing the bulk mass parameters, as well as by introducing large 
localized fermion kinetic terms as well, we can localize all the remaining light SM fermion 
fields sufficiently close to y = 0, so that universality of the gauge couplings is achieved 
with the required accuracy. We will not try to make a quantitative matching between 
the flat space model and the corresponding Randall- Sundrum (RS) warped one [15] in the 
fermion sector, as briefly done in the gauge sector. Similarly, we will not address here 
other important bounds that should be taken into account, such as 5gb or a more carefully 
analysis of the universal oblique corrections up to one-loop level, particularly important 
for the T parameter. We leave a more detailed analysis of these promising SO (5) flat 
models with large gauge kinetic terms for future investigations. 

4.3 Higher dimensional models 

One compact extra dimension is the minimal scenario where most progress has been 
achieved so far. Even if no (semi-)realistic non-supersymmetric GHU model in more 
than one extra dimension has been found, it is worth to briefly see what are the new 
qualitative features that one encounters in more extra dimensions. Since the NDA es- 
timate of the cut-off A in higher dimensional theories decreases as the number of extra 
dimensions increase and no new fundamental features seem to appear in further increasing 
their number, let us only consider the case of two extra dimensions, namely theories in 
6 space-time dimensions. In 6D, there are several potentially interesting two-dimensional 
compact spaces one could consider. The simplest spaces, leading to a 4D chiral spectrum 
of fermions, are given by orbifolds of tori of the form T 2 /Zjv, where N = 2, 3, 4, 6. Let us 
focus on these spaces in the following. 
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There are two main important qualitative features that happen when going to 6D. 
The first, good feature, is the appearing of a gauge-invariant Higgs quartic coupling at 
tree-level, arising from the non-abelian part of the internal components of the gauge field 
kinetic term. A tree-level quartic coupling is welcome, because it can automatically solve 
the problem of a too light Higgs without the need of introducing extra complications. 
The second, bad feature, is the possible appearance of a local, gauge- invariant, operator 
that contributes to the Higgs mass. This is an operator localized at the fixed-points of 
the T 2 /Zat orbifold, with a quadratically divergent coefficient, in general [121 [361 EO] (see 
also [51] for an analysis in D > 6 dimensions). It is linear in the internal components 
of the field-strength F. Its abelian term corresponds to a tadpole for certain gauge field 
components, whereas its non-abelian part represents a mass term for the Higgs field. If 
there is no symmetry to get rid of this operator, the hierarchy problem is reintroduced. 
It turns out that in 6D a discrete symmetry forbidding this operator can be implemented 
only for T 2 /Z2 orbifolds, in which case, however, one gets two Higgs doublets, rather than 
one. In this situation, the Higgs effective potential has various similarities with the one 
arising in the Minimal Supersymmetric Standard Model. Explicit computations on a given 
6D model [52] have shown that the lightest Higgs field turns out to be again too light [53J. 

Maybe a more interesting possibility is obtained by considering T 2 /Zjy orbifolds, with 
N 2. If N ^ 2, one can get 2, 1 or Higgs doublets, depending on the orbifold projection. 
The most interesting case appears to be given by the 1 Higgs doublet models, for which one 
finds Mu = 2Mpv at tree- level, by geometrical considerations [50J. However, no symmetry 
forbids the appearance of the localized operator mentioned above, which would spoil the 
stabilization of the electroweak scale. Even if this operator is put to zero at tree-level, no 
accidental one-loop cancellation seems to be possible. The best one can do is to advocate a 
spectrum of 6D fields such that the sum of the one-loop quadratically divergent coefficients 
over all fixed points vanish (global cancellation). In this case, it actually turns out that the 
electroweak scale is not destabilized. Contrary to the 5D constructions considered before, 
the quadratic sensitivity to the cut-off would presumably be reintroduced at two-loop 
level, but a one-loop cancellation is enough to solve the little hierarchy problem. 

5 Conclusions 

Quantum field theories in extra dimensions are a promising arena for new physics beyond 
the SM, in particular to address the so far mysterious EWSB mechanism in the SM. 
Natural models arise from 5D theories defined on a segment where the Higgs field is 
identified with the internal components of a gauge field. I have reviewed here the basics 
of the holographic method to technically deal with such (and other) theories, and then 
applied it to the construction of two simple models based on SU(3) and 50(5) electroweak 
gauge groups, respectively. The 50(5) model is generally more promising and natural than 
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the SU(3) one, but the latter is more weakly coupled. In fact, the 50(5) model of section 
4.2, like their warped GHU analogues, is at the edge of calculability. 

Although GHU models in warped spaces have the important additional features of 
explaining how the TeV scale dynamically arises (issue which is not addressed in flat 
space, where TeV -1 — sized extra dimensions are taken for granted) and can also allow for 
a calculable theory of flavour, the LHC TeV-physics associated to the EWSB mechanism 
is essentially the same in warped or flat space. Roughly speaking, the lightest non-SM 
particles predicted are always colored spin 1/2 resonances with similar quantum numbers 
and interactions. Their mass can be well below the TeV scale, as it happens, for instance, 
in the SO (5) model, and hence visible at the LHC. Models in flat space, as we have briefly 
sketched in subsection 4.2, can also be seen as effective simple descriptions of warped 
models, when large localized kinetic terms are inserted, and allow more flexibility. 
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A Conventions 

We work in the "mostly minus" convention for the 5D metric: 

ds 2 = Ti^dafda? - dy 2 = (dx ) 2 - {dxf - dy 2 . (A.l) 

We always denote by the four space-time dimensions, with jjl = 0, 1, 2, 3. The internal 
coordinate is parametrized by y, ranging from to L, with L the length of the segment. 
Five-dimensional indices are denoted by capital latin letters M,N, . . ., with M = (n,y). 
Correspondingly, 5D vectors decompose as Am = (A^,A y ) under the £0(4, 1) — > SO(3, 1) 
decomposition. The 5D gamma matrices are taken as j M = (7^,7^) = (7 M , — «7 5 ), with 
(7 5 ) 2 = 1- Left-handed and right-handed fermions ipL and tpR are defined as 7 5 V>l = — tpL, 

Neumann and Dirichlet boundary conditions for the fields are schematically denoted 
as (+) and (— ). For brevity, we report together the b.c. at y = and at y = L of any 
field by writing (±±), with the first and second entries referring to y = and y = L, 
respectively. The Fourier transform of the fields are always denoted with the same letter 
as the field themselves. Finally, in order to avoid confusion between the different mass 
terms that can appear in 5D theories, we denote by lower letters m the 5D bulk mass 
terms, by capital letters M the mass eigenvalues of 4D fields and by a tilde rh or M 5D 
mass terms localized at the boundaries of the interval. 
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B Mass terms at y = L 



An interesting class of models are obtained by introducing localized fermion mass terms 
at y = L, so we analyze in detail this case. Consider a pair of bulk fermions tpi and ip 2 , 
mixed through localized mass terms as follows: 

+ fh(lpi L 1p 2 R + 1p2RlplL)(L) 



J * 7=1 o 



(B.l) 

where m is a dimensionless mass parameter (being ip a 5D field, [ipip] = 4). Let us take 
Xl = V'il(O) and xr = ^2ii(0) as holographic fields. As discussed in the main text, the 
vanishing of the boundary variations at y = require the addition of the following term 
at y = 0: 

£® = \ (V'liV'lfl + ^IR^lL^j ~ ^ ($2Lll>2R + i>2Rlp2Lj ■ (B.2) 

Due to the localized mass terms, the boundary variations at y = L is not automatically 
vanishing now, and the following term at y = L has to be added: 



£l = ~(^1L^1R + IplRlplL j + ^ {i>2L^2R + i>2R^2L 



(B.3) 



which give 



ipm(L) = fhip 2 R{L) , 
^2h{L) = -rhtp 1L (L) , 



(B.4) 



as effective b.c. at y = L. After a simple computation, we get 

G + (-m 2 )G + (y,m 1 ) - m 2 G_(m 2 )G-(y,mi) xl + muj2G^(L - y.m^XR 



4>iL{y) 
i>iR(y) 
^2L{y) 
^2R{y) 

For rh = 



G + (mi)G + (— m 2 ) — m 2 G-(mi)G- (777-2) 
G + (-m 2 )G-(y,m 1 ) + 777 2 G_(777 2 )G+(y, -mi) ^xl + mu2G + (L - y,m{)XR 



G + {m\)G + {— 777,2) — 77i 2 G„ (7771 )G_ (7772) 
G + (777i)G_(y,7772) + 777 2 GL (mi )G+ (y , 777 2 ) ^Xii + mwi G + (L -y,-m 2 )xL 



G + (mi)G + (— 7772) — 777 2 G_ (mi )G_ (7772) 



G + (777i)G+(y, -777 2 ) - 777 2 G_(777i)G_(y, 7772) x.R + mw\G -{L - y,m 2 )^XL 



G + (mi)G + ( — 7772) — 777 2 G_(777i)G_(7772) 



0, they reduce to 



G+(y,777i) 

V>ilu/) = -pr^ — ^xl , V2L(y) 



G_(y,m 2 ) ^ 

G + (-777 2 ) P 



G+(777 1 ) 

G_(y,mi)j/ . . G + (y, -7772) 

^iij(y) = ^ — \ zXl , ^2i?(y) = Tr-r-zr^: 



(B.5) 



G+(777i) p' 



G+(-777 2 ) 
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while for rh — > oo 

G-(mi) G-(m 2 ) p m Q ^ 

i i \ G + {y,-mi)^ G-(y,rn 2 ) 

G_(mi) p G_(m 2 ) 

As can be seen, due to rh, ipi (V> 2 ) has a non-vanishing overlap with the holographic 
component \R (xl) of ip2 (V'l)- This is small for rh <C 1 and rh S> 1 and it is maximal for 
rh = 0(1). As happens in the scalar case, for very large rh, we effectively flip the b.c. of 
all fermion components. 

The holographic Lagrangian can be written as 

j Nn(m) p 1 N+{rh) M 12 (m) / N 

p Di 2 {m) p Di2{m) D 12 {m) \ J 

where 

N±(rh) = G+(±m i )G_(m j ) + m 2 G-{mi)G+(±mj) , 

Di 2 (m) = G + (mi)G + (-m 2 ) - m 2 G_(mi)G_(m 2 ) , 

Mi 2 (m) = ma;ia; 2 . (B.8) 

Similarly, we could have considered the other choice of localized mass term, namely 

rh{^iL^2R + $2r4>il){L) ->■ rh(ipi R tp2L + ^2L^ir){L) . (B.9) 

In that case, the localized term to be added at y = L is the opposite of eq. (|B.3p . and the 
resulting b.c. are 

^2r{L) = rhip lR (L) , 

i> XL (L) = -mihL(L), (B.10) 

namely as in eq. (|B.4p . but with m — > 1/rh. Keeping the same holographic fields as before, 
XL = V>il(0) and xr = ^2h(0), one has 

_ j N-(l/m) p 1 N+(l/m) M 12 (l/m) ( _ \ 

C-H = XL- n n/ ~x XL + XiJ - n FiTm XA + n TTT^r ( XLXi? + XrXl J • (B.ll) 
p Di2{l/m) p Di2(l/m) 7Ji 2 (l/m) V / 

C SO (5) generators and fermion form factors 

We list here the explicit choice of 50(5) generators and SU(2)l x SU(2)r embedding used 
in section 4. Denoting by 

t ab = _ t ba = 5 a 5 b_ 5 b 5 a ((n) 
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the 10 anti-symmetric generators of SO(5), where a,b = 1, . . . , 5 label the generators and 
i,j their matrix components, we take 

A = - l -{^ + t'% t| = 4(t 31 + t 24 ), t| = 4(t 12 + t 34 ), 

^ = -|(* 23 -* 14 ), t 2 R = -^-t*% t| = -^ 12 -* 34 ), 

e = --^=t a5 , a = 1,2, 3, 4. (c.2) 

In this basis, t]] 2 ' 3 generate SU(2) L , t]f' 3 generate SU(2) R and t 1 ^ 1 € SO(5)/SO{4). 

In terms of the functions (|B.8[) . the form factors appearing in the holographic fermion 
Lagrangian (|4.32p are the following: 

u g = N- qi (m u ) NJ Q2 (m d ) 

D qiU (rh u ) D q2d (m d ) ' 
n9u = l( N- qi (l/M u ) _ N- qi (m u ) \ _U N d Jl/M d ) _ N^(m d ) 

1 2\D qiU (l/M u ) D qiu {m u ))' 1 2\D q2d {l/M d ) D q2d {m d ) 
nn = N+ U (l/M u ) nn = N+ U {m u ) _ N+ U (l/M u ) 

D qiU (l/M u )' 1 D qiu (m u ) D qiu {l/M u )' 



D q2d (l/M d ) D q2d {m u ) D q2d (l/M t 



<J ) 



u u = M giu (m u ) M qiu (l/M u ) ud M q2d (m d ) M q2d {l/M d ) 
M D qiu {m u ) D qiu {l/M u ) ' M ~ D q2d (m d ) D q2d (l/M d ) ' 
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